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Abstract, this paper presents a generalised new formula 
for impulse-invariant transformation which can be used to 
convert an nth-order Discrete-Time (DT)  modulator to an 
nth-order equivalent Continuous-Time (CT)  modulator. 
Impulse-invariant transformation formulas have been 
published in many open literature articles for s-domain to z-
domain conversion and vice-versa. However, some of the 
published works contain omissions and oversights. To verify 
the newly derived formulas, very many designs of varying 
orders have been tested and a representative 4th-order single-
loop DT  modulator converted to an equivalent CT  
modulator through the new formulas are presented in this 
paper. The simulation results confirm that the CT  
modulator which has been derived by these formulas works in 
accordance with the initial DT specifications without any 
noticeable degradation in performance in comparison to its 
original DT  modulator prototype. 
 
Index Terms — Impulse-Invariant Transformation, Delta-




      The  modulators are widely used in audio 
applications and portable devices to achieve high resolution 
analog-to-digital conversion for relatively low-bandwidth 
signals by using the oversampling and the noise-shaping 
techniques. CT  modulators have drawn a lot of 
attention from analog designers over the last decade due to 
their potential to operate at higher clock frequencies in 
comparison to their DT counterparts. Sampling 
requirements are relaxed in the CT  modulators because 
the sampling is inside their loop and any sampling error is 
shaped by their Noise-Transfer Function (NTF). The CT 
 modulators have an implicit anti-aliasing filter in their 
forward loop filter. However, CT  modulators suffer 
from several drawbacks: excess loop delay, jitter sensitivity 
and RC time constant variations.  
     One way to convert a DT  modulator to an equivalent 
CT  modulator is through the use of the impulse-
invariant transformation [1]-[6]. A DT  modulator and a 
CT  modulator are shown in Figure 1, and are said to be 
equivalent when their quantizer inputs are equal at the 
sampling instants. 
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Figure 1: The block diagrams of a) The DT  modulator and b) The CT 
 modulator. 
 
CT  modulators and is the clock period of the  
modulators. This condition would be fulfilled if the 
impulse responses of the open-loop filter of the CT and DT 
 modulators were equal at the sampling times. As a 





Because   , equation (2) can be simplified to 





The transformation in (3) is the well-known impulse-
invariant transformation where , , ,  and  represent the inverse z-transform, the inverse Laplace 
transform, the CT DAC transfer function, the DT and the 
CT loop filters respectively [1],[4]. Depending on the 
output waveform of the CT DAC, there would be an exact 
mapping between the DT and the CT  modulators. The 
popular feedback-DAC waveforms have rectangular 
shapes. The time and frequency (Laplace) domain 
responses of these waveforms are: 
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     In the cases where ( 1   the DAC equation is divided 
into two parts as expressed by (6) and the z-domain 
equivalents of each part is calculated separately.  
 !"#$  !"# 2 !3#$ 0  (6) 
 
     This paper is organized as follows. To set the scene, in 
section II, the concept of the impulse-invariant 
transformation is reviewed and a general formula for s-
domain to z-domain conversion for  modulator 
applications is derived. In section III, simulation results of 
the 4th-order CT and DT  modulators are both presented 
and discussed in detail. Finally, conclusions are given in 
section IV. 
 
II. IMPULSE-INVARIANT TRANSFORMATION 
 
     In order to derive the equivalent z-domain transfer 
function of CT  modulators with rectangular DAC 
waveforms, we shall start with the 1st order s-domain term. 
Equation (7) is derived by substituting (5) and the 1st order 
s-domain term into (3) as follows.  
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An auxiliary variable λ is deployed to derive a general 
formula step by step. Equation (8) is equal to (7) when 
λ  ) [7], [8]: 







By using the Laplace transform properties, (8) leads to (9) 
where 9 represents a step function [7]. 




The continuous time variable  in (9) is replaced with in 
(10).  





The z-transform of (10) is expressed by (11) which results 
in (12) [7], [8]. 
 




   ? 0 &,"λ 0  0 (,$λ 0 ,λ





It can be proved that (12) can be obtained by calculating 
the 1st derivative with respect to the variable λ of equation 
(13). 
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By substituting λ  ) into (12) the z-domain equivalent of 
the 1st order s-domain term is expressed by (14). 
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     The z-domain equivalent of the 2nd order s-domain term 
is derived by repeating all steps in the process mentioned 
above as follows. 
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The z-transform of (17) is given by (18) which leads to 
(19) [7], [8]. 
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The 2nd derivative of equation (20) with respect to the 
variable  is equal to (19). 
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Substituting λ  ) into (19) gives (21) which is the             
z-domain equivalent of the 2nd order s-domain term. 
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        Finally, the above-mentioned process is performed all 
over again for the 3rd and 4th order s-domain terms which 
are listed in Table I. To obtain the kth order s-domain term, 
the impulse-invariant transformation is written in (22).   
 
 J   KLMNOPLMQOP/RST UV	
 (22) 
 
Table I: The CT-to-DT transformation for rectangular DAC waveforms.  
s-domain z-domain equivalent for a rectangular DAC waveform 
Proposed Formulas Formulas in [4]   G90&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By utilizing the Laplace transform properties, (22) leads to 
(23) [9]. 
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The z-domain equivalent for the kth order s-domain 
function is expressed by (24) where \ represents the order 
of the s-domain term. 
J  ^  \] AJAλJ 4,







     The z-domain equivalent for the 1st to 4th and the 
general kth order s-domain terms for a rectangular DAC 
waveform are presented in Table I.    
     One popular method to compensate the excess loop 
delay in CT  modulators is to deploy negative feedback 
from the output of the DACs to the input of their quantizers 
as shown in Figure 2.b [1].  
     The z-domain equivalent of this feedback     is 
developed and given by (26) as follows. 
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     One popular rectangular DAC waveform is the Non-
Return-to-Zero (NRZ) one. The z-domain equivalent of the 
NRZ DAC with &  a and (   2 a is calculated from 
(26) and is given by (27). 
 3   (27) 
 
     The newly derived z-domain equivalent formulas can be 
compared with the formulas in [4] which both are 
illustrated in Table I. The results of this comparison 
indicate that W in 2nd-order term and W5 in 3rd-order term 
are entirely different. The comparison can be done between 
the newly mentioned formulas and the ones presented in 
[1] which show W in 3rd-order term are not the same. What 
is surprising is that even z-domain equivalent formulas in 
[1] and [4] are not identical and W in 2nd-order term and W 
and W5 in 3rd-order term are completely different. 
 
III. SIMULATION RESULTS 
 
     To validate the newly derived formulas presented in 
Table I, a 4th-order DT  modulator with an 
OverSampling Ratio (OSR) of 64 and 3-bit quantizer has 
been designed by using the Schreier toolbox and was then 
converted to its 4th-order CT  modulator equivalent with 
a NonReturn-to-Zero (NRZ) DAC waveform by using DT-
to-CT formulas described in Table I. The block diagrams of 
the 4th-order DT and CT  modulator are shown in Figure 
2. An extra feedback of 0cf is used to compensate the effect 
of excess loop delay in the CT  modulator. The 
coefficients of the DT  modulator are given in (36). 
 b# c# d#   )e fH[#)eZF[Z#)e[fXH#Ee) (36) 
 
     By using Table I the coefficients of the equivalent 4th-
order CT  modulator with NRZ DAC and &# ( )eE# eE shown in Figure 2.b have been derived and 
presented in (37). 
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     Both modulators have been simulated by using the 
Mathworks SIMULINK environment and a sinusoidal 
input signal with amplitude of 0.7V and a frequency of         
61.34 KHz is applied to both modulators in the simulation. 
The simulation results show that the SNR of the DT and 
CT  modulators are about 130.37dB and 130.21dB 
respectively with a clock frequency of 80MHz and signal 
bandwidth of 625 KHz. The output spectra of the DT and 
CT  modulators and their respective in-band noise are 













































Figure 2: a) The block diagram of the fourth-order DT  modulator and 





     In this paper a general and novel formula for impulse 
invariant transformation is presented. The CT-to-DT 
conversion formulas for the 1st to 4th order terms are 
derived and listed in Table I. The 4th-order DT  
modulator and its 4th-orde CT modulator equivalent which 
is derived by these formulas both were simulated by using 
MATLAB. Similar simulation results for both modulators 
support the validity of the proposed formulas derived and 



















Figure 3: The output spectra of the fourth-order DT and CT  
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